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Abstract

This study aimed to improve fourth-grade students’ generalization and justification strategies, and an early algebra teaching experiment was applied for this purpose.
In the study, data were obtained through focus group interviews, student worksheets, and video and audio recordings during the research. The data obtained were
analyzed by descriptive analysis. In the study, students carried out activities of continuing the pattern, expanding it, completing the missing element, and identify-
ing the pattern rule. It is observed that students used written, verbal, mathematical, and visual representations in their pattern activities. As a result of the study,
it was found that students reached generalizations using counting, modeling, iterative, whole-object, contextual, and linear strategies in the teaching experiment.
Moreover, it is seen that students used explanation, figural, numerical, and algebraic strategies to verify their generalizations. In line with these results, it is concluded
that the early algebra teaching experiment performed with primary school fourth-grade students is effective in students’ generalization and justification strategies.
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Introduction

Algebra is regarded as a tool to discover the forms of representation
used in areas such as solving equations, arithmetic, and computation
and is accepted as a step in discovering appropriate representations for
more complex problems (Subramaniam & Banerjee, 2011). Algebra is a
system of symbolization and rules used in the problem-solving process
at all levels of education, from preschool to high school (Carraher &
Schliemann, 2015). In this regard, understanding patterns, their func-
tions, and relationships is one of the purposes of algebra, which takes
an important place in school mathematics (National Council of Teachers
of Mathematics [NCTM], 2000). It is essential to include pattern activi-
ties from the first year of primary school to form a basis for algebra
(Herbert & Brown, 1997) because patterns serve as a basis for learning
to interpret symbols and help to form and recognize general expressions
related to numbers and shapes encountered in algebra at advanced grade
levels (Threlfall, 1999). It is considered that the fact that students in
the younger age group get acquainted with the pattern and algebra sub-
ject during this period and the necessary importance attached to these
subjects will ensure that they start their next grade levels with a more
solid foundation. Despite the idea that algebra should be included in the
primary school curriculum, there are still few studies on adapting alge-
bra to primary school mathematics (Carraher & Schlieman, 2007). This
study aimed to contribute to the literature with the teaching experiment
to be carried out in primary school mathematics.

When algebra studies conducted with primary school students are
reviewed, it is observed that there are different studies on algebra.

It is seen that studies have been carried out on early algebra teaching
in the pre-algebra period (Fonger et al., 2018; Palabiyik & Akkus Ispir,
2011), discovering and developing functional relationships in students
(Cafiadas et al., 2016; Ramirez et al., 2020; Xolocotzin & Rojano, 2015),
determining the generalization levels of functional relationships (Ayala-
Altamirano & Molina, 2021; Kabael & Tanish, 2010; Tirkmen &
Tanisli, 2019), the effect of pre-algebra teaching activities on academic
achievement (Dogan Temur & Turgut, 2020; Turgut & Dogan Temur,
2020), and skills in generalizing and representing functional relation-
ships (Blanton et al., 2015, 2017, 2019; Pinto et al., 2021; Stephens
et al., 2017; Urena et al., 2019). Although studies have been conducted
on the pre-algebraic period in the international literature, it is observed
that studies on this subject in the national literature are quite limited.
In this study, which will be performed for early algebra teaching to be
efficient, it is considered that determining fourth-grade students’ gen-
eralization and justification strategies in pattern tasks in early algebra
teaching will make a contribution. To this end, in the present study, a
teaching experiment was conducted to improve fourth-grade students’
generalization and justification strategies, and the effective generaliza-
tion and justification strategies of students in this teaching experiment
process were examined.

Theoretical Framework

Early Algebra

Algebra is defined as the “essence” of mathematics (Cai & Knuth,
2011). Algebra is regarded as a tool to discover the forms of representa-
tion used in solving equations and arithmetic computation and a step
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of discovering representations appropriate for more complex prob-
lems (Boyer, 1991). According to Radford (2006), algebra is not only
symbolization but also a way of analytical thinking, representing the
uncertainty of objects and uncertainty. Kaput et al. (2008) accepted
that algebra was related to symbolization and mathematical representa-
tion and indicated its relationship with generalization and defined the
relationship in the following way, “If there is systematic reasoning in
generalizations created using algebraic symbols, this representation is
algebraic” (p. 2). Likewise, the association of algebra with generaliza-
tion was also made by Gattegno (1973), who defined algebra as the
symbolization of the generalization reached as a result of arithmetic
operations (distribution, combination) and an indicator of the mind’s
dynamics in this generalization process. Additionally, Carpenter et al.
(2003) stated that it would be incomplete to regard algebra as a solution
system realized only with algebraic expressions and it also included
proof and justification. Kaput (2008) defined the generalization, justifi-
cation, and symbolization aspects of algebra in a holistic way: (1) gen-
eralizing and symbolizing systematically using the traditional symbol
system, (2) representing the organized symbolic systems syntactically.
This definition of algebra gave rise to the concept of early algebra.

Early algebra is included in primary school, and an opportunity
is provided for the development of algebraic thinking by integrating
arithmetic and algebra with algebra teaching (Linchevski, 1995). It
is stressed that algebra should be included in all levels of education,
starting from early childhood (NCTM, 2000). With early algebra, it is
ensured that algebra is not only used for symbolization in secondary
or high school but is also addressed as a process in which algebraic
ideas, concepts, and thinking take place throughout the teaching period
(NCTM, 2000). There has been a trend toward early algebra research
and studies in recent years (Blanton et al., 2019; Cai & Knuth, 2011;
Chimoni et al., 2018; Kaput et al., 2008; Kieran, 2011; Rivera, 2013;
Schifter, 2018; Stephens et al., 2017; Pinto & Cafiadas, 2021; Vergel,
2015). Whether students are ready to learn algebra at an early age and
whether starting to learn algebraic concepts at an early age can solve
the difficulties experienced at advanced grade levels are among the rea-
sons for research on early algebra. Mason et al. (2009) revealed the
generalization meaning of early algebra and stated that it would not
be early to include this understanding in primary school mathematics.
Since algebra is effective in many fields of mathematics and at every
education level, the definition of algebra has been differentiated, and
the idea that algebraic thinking should be extended for a long period
from the basic level such as preschool and primary school has emerged
(LaCampagne et al., 1995; NCTM, 2000). With this differentiated
understanding of algebra, the idea of “early algebra” has been born,
and algebra teaching in primary school has emerged.

Early algebra is a way to make important ideas of algebra acces-
sible and interesting to students (Blanton, 2008). Early algebra teach-
ing helps primary school students to form meaning with mathematical
structures and reach generalizations by discovering the relationships
between these structures themselves (Blanton, 2008). Moreover, with
early algebra, it is ensured that students develop an understanding of
the concept of variable and represent it in verbal, written, and visual
ways, thereby developing an understanding of algebraic concepts
(Kaput & Blanton, 2001). Early algebra takes an important place
in students’ discovery of mathematical structures and relationships
(Blanton et al., 2011). Generalization, representation, justification,
and reasoning are at the core of early algebra (Blanton et al., 2011;
Kaput, 2008).

Generalization

Generalization is one of the most important skills in school math-
ematics and algebra (Kaput, 2008; Mason, 2018). Generalization is
the ability to see the particular in the general (Mason & Pimm, 1984).
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Accordingly, students should be supported in developing their aware-
ness of seeing the general and discovering generalizations in the
context of the specific situations in which they work (Mason, 1996).
Emphasizing the relationship between algebra and generalization,
Kaput et al. (2008) stated that generalizations based on symbolization,
reached as a result of systematic reasoning, had algebraic meaning.
With a similar approach, Mason et al. (2009) explained generaliza-
tion as the lifeblood of mathematics and algebra as the language in
which generalizations were expressed. According to these definitions,
generalization was a mental process transforming many special cases
into a holistic form (Kaput et al., 2008). For example, after a series of
examples in which odd and even numbers are summed up, a holistic
form is reached when students generalize to the conclusion that the
result obtained from the sum of odd and even numbers is always an
odd number.

Generalization is the process of defining mathematical structures
and relationships (Mason et al., 2009). Stacey (1989) defined the con-
cepts of near generalization (finding the nearest term in the continu-
ation of the pattern) and far generalization (finding a general rule in
a pattern) in growing patterns with linear functions and introduced
three basic generalization strategies. It is an iterative strategy in which
the next term of the pattern is obtained from the previous term, it is
a linear strategy in which a functional relationship is sought, and it
is an expansion strategy in which proportional reasoning is applied.
Radford (2003) classified students’ generalization activities as factual,
contextual, and symbolic generalizations based on pattern studies.
Factual generalization is the operational scheme that students use to
reach certain terms, although they cannot reach a generalization that
applies to all terms. Contextual generalizations are generalizations in
which students can refer to the “next term” or a general term, although
it is not a valid generalization for all terms. Symbolic generalizations
are students’ expressing algebraic concepts abstractly without refer-
ring to calculation methods or any special terms. Radford (2006)
interpreted this classification in an algebraic context. Accordingly,
generalizing a pattern algebraically is based on the ability to identify
the common feature between terms, realize that the common feature
is valid for all terms, and express this situation for any term (Radford,
2006). Lannin (2005) defined generalizations as explicit and non-
explicit. Non-explicit strategies are counting and iterative strategies,
whereas explicit strategies include whole-object, guess and check, and
contextual strategies.

Harel (2001) argues that there are two types of generalization:
generalization of results based on a few examples and process gen-
eralization by justifying that it is valid in all terms after reaching a
generalization from a few examples. The generalization distinction
made by Radford (2003, 2006) adopted the inductive approach, while
the generalization classification performed by Lannin (2005) adopted
empirical verification. Radford (2006) suggested recognizing the
special and using this understanding to integrate it into the general.
Additionally, Lannin (2005) divided the types of generalization into
visual and numerical representations and indicated that visual repre-
sentations were a more appropriate type of representation for process
generalization.

Generalization is at the center of mathematical activities (Kaput,
1999; Lannin, 2005). The generalization process is a process created
on the interaction of individual and collective reasoning with activi-
ties supporting generalization (Ellis, 2007, 2011; Jurow, 2004). In this
process, generalizations emerge and are expressed verbally and in
writing (Ellis, 2007). Generalization is at the center of algebraic think-
ing as well as mathematical activities (Cooper & Warren, 2011). By
including generalization studies in algebra activities, help is provided
to students in developing their algebraic thinking, and the process
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of symbolizing and justifying mathematical expressions is also sup-
ported (Blanton & Kaput, 2008, 2011). Thus, it is aimed to improve
generalization skills by including students in algebraic activities.
Otherwise, if students are not supported in reaching generalizations
at an early age, their learning of algebra is also adversely affected
(Dienes, 1961). Students' generalization potentials are effective in
many algebra activities.

Students have the potential to discover regularities and structures in
number and shape patterns, which provides a basis for reaching gen-
eralizations and verifying and justifying them (Schifter et al., 2008).
With early algebra teaching, students’ justification skills, including
their generalization skills, are also supported with activities in this
context (Breiteig & Grevholm, 2006; Knuth et al., 2002). To this end,
in algebra activities supporting generalization, practices consistent
with each other and written/verbal interaction environments, teacher—
student-problem-representation elements should be connected and
interactive (Ellis, 2011).

Justification

Justification ensures that generalizations are addressed as assump-
tions and, ultimately, these assumptions are verified or falsified
(Mason, 2008). Balacheff (2001) defined justification as explanations
aiming to make an expression valid for other individuals. Harel and
Sowder (1988) introduced three general schemes for justifying math-
ematical propositions: appeal to authority, verification by examples,
and generalized arguments. In an appeal to authority, justification is
made based on external sources (textbook, teacher, etc.). In verification
by examples, justification is made based on experimental examples.
This justification approach may be misleading in some cases, as not
taking into account every example. In generalizable arguments, gen-
eralizations are reached through justifications based on mathematical
expressions, definitions, axioms, and postulates. Balacheff (2001) dis-
tinguished justifications as pragmatic justifications based on examples
and representations and conceptual justifications based on abstract for-
mulae or mathematical relationships. Kirwan (2015) defined justifica-
tions in his generalizations in the patterns in two ways as verification
and explanation.

Providing opportunities for justification in pattern studies to be per-
formed with students will enable the discovery of critical aspects of
algebra (Carpenter et al., 2003). When the justification ways of primary
school students are reviewed, it is observed that they are generally at
the basic level. In studies on students’ ways of justification (Carpenter
et al., 2003; Schifter et al., 2008), it is seen that they verify with not
very complex general forms. For example, students prefer to use draw-
ings or models to justify their generalizations about the pattern struc-
tures they have discovered (Schifter et al., 2008).

Analysis

Method

Qualitative research is a method that provides a holistic exami-
nation of phenomena and events in their naturalistic environments
(Patton, 2002). In this study, the teaching experiment model, a qualita-
tive research method, was employed since it was aimed to examine the
improvement of generalization and justification strategies of fourth-
grade students in the process of the algebra teaching experiment. The
teaching experiment model has been frequently used in mathematics
education studies in recent years. The teaching experiment model was
developed by getting inspiration from clinical cases due to the inad-
equacy of experimental research with the changing understanding of
mathematics over time (Steffe, 1983).

In the teaching experiment, answers are sought to the questions of
how students make sense of teaching activities and how their knowl-
edge, skills, and experiences change in the teaching process (Sinclair,
1987). The teaching experiment is a comprehensive form of clinical
interviews, and it is attempted to make sense of changes in students’
knowledge, experience, and mathematical reasoning throughout the
process. There are many teaching activities in line with the purpose
specified in the teaching experiment (Cobb & Steffe, 2001). Teaching
experiments are interventions that are conducted with at least one par-
ticipant and remind the classroom environment with an increase in the
number of participants (Engelhardt et al., 2004). To this end, individ-
ual or small group research is carried out in the teaching experiment.
The researcher plays the role of teacher and observer in the teaching
experiment. Since the teaching experiment is a long-term process, the
interaction between the researcher/teacher and participants is quite
high (Cobb & Steffe, 2011). In the teaching experiment, the researcher
in this role becomes closely acquainted with participants as a result
of long-term studies, thus finding the opportunity to look at events or
situations from the participants’ eyes. The ultimate aim of the teach-
ing experiment is to reveal the development of the existing knowledge
and skills with the teaching method applied to participants, design the
teaching decisions accordingly, and provide an effective teaching pro-
cess. The most significant contribution of the teaching experiment to
the field of mathematics is that it provides detailed information about
the teaching process and guides the research to be done on mathematics
teaching (Cobb, 2000). In the current study, it was aimed to improve
fourth-grade students’ generalization and justification strategies, and
a teaching experiment was conducted for this purpose. The workflow
of the teaching experiment process performed in the study is shown in
Figure 1.

The teaching experiment process consists of sessions covering
numerous algebra activities. During these sessions, student work-
sheets, audio and video recordings, and interview transcripts were

Retrospective analysis
Analysis

1%t session
2nd session
3rd gession
4t gession
Sth session
6t session

7% session

1% session
2nd gession
3rd gession
4™ session
5th session
6t session

| Number Patterns |

8t session
Shape Patterns |

Figure 1.

The Early Algebra Teaching Experiment Process Carried Out in the Study.
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used as data collection tools. Throughout the teaching experiment, the
researcher interacted with the participants for a long period of approxi-
mately 4 months, both as a teacher and as an observer. The researcher/
teacher observed changes in the participants at the end of each session
and evaluated the working and non-working aspects of the sessions and
made improvements. To evaluate the participants’ generalization and
justification strategies at the end of the teaching experiment, the data
obtained using the data collection tools were analyzed with a holis-
tic retrospective analysis method, and the effectiveness of the applied
teaching experiment was assessed in the context of the students’ gener-
alization and justification strategies.

Study Group

The main purpose of qualitative research is to create a study group
from which the richest data can be obtained concerning the research
question (Fraenkel et al., 2006). To this end, the participants were
included in the study by means of purposeful sampling. Purposeful
sampling is the type of sampling that allows a detailed examination
of situations varying in terms of knowledge in accordance with the
research purpose (Patton, 2002).

The study was conducted with fourth-grade students studying at a
public primary school in Erzurum in the fall semester of the 2021-2022
academic year. Six students were included in the study. Criterion sam-
pling, one of the purposeful sampling types, was employed to include
students in the study. Criterion sampling is including a person, event,
situation, or object with the characteristics determined in line with the
research purpose in the sample (Fraenkel et al., 2006). Accordingly, the
fact that the participants were fourth-grade students was determined
as the inclusion criterion. Since the teaching experiment, whose effec-
tiveness was investigated in the study, was an extracurricular interven-
tion, the research was conducted outside the students’ classroom hours.
Therefore, voluntary participation was taken as a basis to ensure conti-
nuity in the research and the active participation of students in the study.

The current study was conducted with the permission of Yozgat
Bozok University Ethics Commission, dated September 29, 2021, and
numbered E-39243114-770-37222. Code names were used instead of
real names to ensure the participants’ confidentiality and obtain the
necessary legal permissions in the study's implementation. The indi-
vidual characteristics of the study participants are presented in Table 1.

When the participants’ characteristics are examined, it is seen that
they are aged between 9 and 11 and their mathematics achievement is
moderate—good. Furthermore, it is observed that there is homogeneity
within the group between gender distributions.

Early Algebra Teaching Experiment

In the study, a teaching experiment with growing shape and num-
ber patterns was planned and implemented, and the effectiveness of
fourth-grade students in generalization and justification strategies was
revealed. The scope of the teaching experiment conducted to this end
is shown in Table 2.

A teaching experiment, which lasted for approximately 4 months,
was conducted within the scope of the study. The teaching experiment

Table 1.

Participants' Individual Characteristics

Participant Gender Age  Mathematics Achievement Level
Hale Female 9 Moderate

Bade Female 10 Good

Yagiz Male 10 Good

Mert Male 10 Moderate

Mete Male 10 Good

Sarp Male 11 Good
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Table 2.
Content of the Early Algebra Teaching Experiment

Pattern
Type

Number
patterns

Duration Purpose

6 sessions (40 min x
6 sessions)

Creates number patterns with a
constant difference between them.
Identifies and completes the missing
element in number patterns with a
constant difference between them.
Expands increasing and decreasing
number patterns.

Determines the relationship between
numbers with a constant difference
between them.

Uses multiple representations in
number pattern activities.

Makes a generalization with regard to
the rule of growing number patterns.
Makes justifications for generalizations
about the pattern rule.

8 sessions (40 min x
8 sessions)

Shape
patterns

Continues geometric shape patterns.
Reaches a generalization for the rule
by associating the number of shapes
and objects in geometric shape
patterns.

Uses multiple representations.

Makes justifications for generalizations
about the pattern rule.

activities were prepared by the researchers and finalized in line with
the opinions of two researchers, experts in mathematics education.
The teaching experiment was prepared and implemented in the context
of growing number and shape patterns. Since it is aimed to improve
students’ generalization and justification strategies in growing pat-
tern studies, the teaching content supporting this improvement was
prepared. To this end, activities of creating a pattern, continuing it,
completing the missing element, and identifying the pattern rule were
carried out. In the process of pattern activities, the use of multiple repre-
sentations was aimed, and supportive pattern activities were included.
Studies were performed to ensure that students discovered the rela-
tional situation regarding the pattern structure in number and shape
patterns and reached generalizations related to this. In the generaliza-
tions reached in pattern activities, it was ensured that students made
justifications by aiming to verify and falsify these generalizations. The
carly algebra teaching experiment was carried out in 15 sessions, each
session lasting 40 minutes. The participants carried out the activities in
the teaching experiment individually. In each activity, question-answer
activities were carried out after the students' individual studies. Thus, it
was aimed to reveal the students' views and demonstrate the effective-
ness of the targeted skills.

Data Collection Tools

In qualitative research, collecting data from many sources pro-
vide more detailed, clearer, and more accurate information about the
research situation. Many data collection tools were used to examine
the investigated problem situation in detail in this study (Yin, 2003).
To this end, focus group interviews, student worksheets, and audio and
video recordings were included as data collection tools in the teaching
experiment process carried out in the study.

Focus Group Interview

The interview is the most basic data collection tool preferred to
reach data in qualitative research (Fraenkel et al., 2006). In the present
study, focus group interviews were used in the teaching experiment
process in which students carried out individual studies. The focus
group interview is a data collection tool which is performed between
the researcher and the participants in a structured or unstructured way
and reveals views for a certain purpose. In this study, since it was
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aimed to examine the students’ generalizations and justifications in the
context of teaching elements, it was aimed to share their views and
thoughts and reveal the generalization and justification strategies in this
process. Six students were included in the focus group interview in
the study. The teaching experiment consisted of 15 sessions, and focus
group interviews were held in each session.

In the study, after the individual practices were carried out by the
students with worksheets, the interview questions were directed to
reveal the group view. Care was taken to ensure that the focus group
interview questions were easy to understand, simple, and clear ques-
tions, to detail the subject with open-ended questions, not to direct stu-
dents, to ask questions one by one without combining them, to include
various questions, and to make a preparation for integrity in the obser-
vation form (Fraenkel et al., 2006). The interview form, which was pre-
pared to reveal the students’ generalization and justification strategies,
was prepared by considering the question of diversity. For this purpose,
questions were prepared to reveal the students' generalization, justifi-
cation, and representation skills in number and shape patterns specific
to the content of each session. The prepared interview form was rear-
ranged and finalized in line with the written feedback of two research-
ers, experts in the field of mathematics (Appendix 1). For the process
to be more effective and productive when conducting the interviews,
care was taken to ask questions in a conversational style, give feed-
back on students’ answers, and control the process effectively (Patton,
2002). The focus group interviews were recorded using audio and
video recording devices. To this end, two video cameras and two voice
recorders were kept in the environment where the teaching experiment
was conducted. Thus, data loss was prevented.

Documents

Using documents together with interview and observation data
tools in qualitative research helps to obtain richer data concerning
the research problem (Fraenkel et al., 2006). In this study, various
visual-audio elements were included to support the data, test their
accuracy, and prevent data loss. The whole teaching experiment pro-
cess was audio- and video-recorded in the study. For this purpose, a
voice recorder and a video camera were kept in the teaching setting.
Video recordings allow for the comprehensive analysis of data to better

Figure 2.
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Table 3.
Themes, Codes, and Sample Coding
Theme Code Sample Coding
Generalization Modeling Adm | Adim2 " d,m 5
Adim 4
S. @ 3, n\a. Buna gére \Ays\"P 6°daki kare sayismi bulunuz. Gosteriniz.
X2
5 ~
3 4113
Counting 3 in the Ist step, 5 in the 2nd step, 7 in the 3rd step, 9 in the 4th step, 11 in the 5th step, 13 in the 6th step.
Iterative Adim | Adm2 Adm3 Adim 4
[ L T2 ) v
Whole-object Since the increment is 2, the rule is “x2.”
Contextual ! 8
Linear ‘- -
'S Sapsy = e S=Jrse X 2
Justification Explanation ...50 there will be 4 black squares on each side of the 4th step. I drew first, then I counted. The total number of black
squares is 16.
Algebraic
é«(a Sa¥r S AJ:N ggj,g, X 2 +1
Numerical First, I looked at the increase in numbers, +3. So the rule will be “x3,” but I need to check whether there is an
increase/decrease. First, I tried it in the 1st step,; 1 x 3=3, but it will be +1 because the result is 4. To find the
number of squares, I wrote the rule as “the step where the shape is found *x3+1.” I also did the operations to find the
50th step.
Figural At o

.Q.
z

4+

Validity and Reliability of the Study

It is required to ensure validity and reliability for qualitative
research to have the necessary adequacy (Patton, 2002). In qualitative
research, there is credibility in internal validity and transferability in
external validity. Internal consistency is sought for reliability, whereas
verifiability is sought for external reliability (Lincoln and Guba, 1985).
Since the qualitative research method was employed in this study, a
long-term study and diversity in data collection tools were used for
credibility, purposive sampling and detailed descriptions were used for
transferability, and direct quotations were used for verifiability.

Credibility and Transferability of the Study
Validity in qualitative research is addressed with the concepts
of credibility and transferability. Credibility is the fact that the data
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obtained depending on the study purpose are credible. In the present
study, teaching experiment activities involving long-term interaction,
data diversity obtained from various data sources, and expert review
were used to ensure credibility (Lincoln & Guba, 1985).

The researcher was in a long-term interaction with the participants
during the study, and thus, the participants’ trust in the researcher and
their environment was provided. Diversity of data sources is another
factor increasing credibility in research. Using this strategy, which
is described as diversification, obtaining data with different data col-
lection tools (observation, interview, and document) strengthens the
research (Patton, 2002). In the current study, the necessary and ade-
quate data set was obtained by collecting and archiving interviews,
audio and video recordings, and written documents.
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The transferability of research is its adaptability to similar envi-
ronments. To adapt this study to similar environments, a detailed and
comprehensive description of the research and purposive sampling
methods were used. In this study, the transferability of the study results
to students with similar characteristics was provided by including par-
ticipants in the study by purposeful sampling. The content, subject, and
scope of the research were explained in detail, and the selection of
the participants and the data collection process was presented in detail.
Detailed description and direct quotation are essential for transfer-
ability. To this end, the transferability of the study was provided by
presenting the teaching experiment process and scope, participant char-
acteristics, and the researcher's role in this study (Fraenkel et al., 2006).

Consistency and Verifiability of the Study

In qualitative research, events and situations are dynamic and can be
changed and improved. The process of consistently reflecting this vari-
ability in research is defined as internal reliability (Lincoln & Guba,
1985). The reliability of the study results, as well as the consistency of
the data with each other, is important in terms of consistency, and this
consistency is possible with a detailed explanation of each stage of the
study (Yin, 2003). Consistency in the present study was provided by
explaining the research process in detail and presenting the data collec-
tion process in detail.

Verifiability is the objective interpretation of the data obtained as
a result of the research by the researcher. Verifiability is provided by
a detailed description of the data acquired from various data collec-
tion sources. In this study, verifiability was ensured by presenting the
details of the coding of the obtained data and the photographs of the
student work during the teaching experiment process and supporting
the data with direct quotations.

Results

In this section, the results of the teaching experiment applied to
improve the generalization and justification strategies of fourth-grade
students were analyzed and presented in the context of the generaliza-
tion and justification strategies in the students’ pattern activities. The
students’ generalization and justification skills that emerged during the
teaching experiment carried out to this end are schematized and pre-
sented in Figure 3.

As seen in the scheme, the participants carried out activities of cre-
ating and continuing patterns in growing patterns and determining the
unit of repeat in the teaching experiment conducted in this study. In the
process of these activities, the students used multiple representations
such as verbal, written, figural/visual, and algebraic. It is observed that
the participants generalized in the growing patterns and made justifi-
cations in these generalizations, and if parallel to these, differentiat-
ing generalization and justification strategies emerged. These thinking
structures of the students that emerged in the growing pattern tasks
were discussed and evaluated under separate headings.

Results Regarding Pattern Activities

The students carried out activities of creating and continuing pat-
terns and determining the unit of repeat in the growing patterns. As
seen in Figure 3, when the frequency of coding is examined, it is
observed that the most (number of coding: 80) units of repeat were
defined in pattern activities.

In the number patterns, the students were given mixed numbers and
asked to create patterns using these numbers. The students’ work in the
sample pattern and their explanations are given in Table 4.
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Students' Generalization and Justification Strategies in the Algebra Teaching Experiment.
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Table 4.
Sample Activities of Creating Patterns in Number Patterns

Hale: [ wanted to put the numbers in reverse order. So I chose the numbers
48-39-30-21-12-12-3-0 and put them in order. Thus, the pattern rule here is
"descending by 9."

I selected the numbers according to this and put them in order as 12-20-24-....

Bade: Actually, I also first determined my rule and selected the numbers

accordingly. If I took random numbers, there would be no pattern. I created the

pattern as 3-12-21-30..., so the rule is "increased by 9."

Yagiz: I selected the numbers that caught my eye first. The difference between
all of them must be the same for these numbers to be a pattern. Therefore, 1
put the numbers in order as 10-20-30-40-.... If you want, I can continue as
90-100-110.

éM—LLM_L C")riint[ikumh:j/«’«\ft&:;u;\:

Mete: Differently, I first determined my rule, I said the rule is "increasing by 4." 1¢
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Considering the sample activities carried out in the number patterns
in the growing patterns, it is seen that Mete, Bade, and Yagiz created
the pattern structures based on the condition of being a pattern. These
students first determined the pattern rules, then they created the num-
ber patterns in line with the rule they determined. It is observed that
Hale preferred to create a decreasing pattern, unlike her friends. It is
seen that the students could create patterns based on pattern rules and
determine the pattern rule in their sample pattern creation activities
based on the condition of being/not being a pattern. Yagiz also stated
that he could continue the pattern he had created. In the growing pat-
terns, the students were asked to continue the patterns given or created
by themselves in both number and shape patterns. To this end, the stu-
dents were asked about the number/s and shape/s that should come in
the next steps of the related pattern. The sample pattern continuation
activities of the students in the number patterns are given in Table 5.

In the sample pattern activity, the starting point and rule of the pat-
tern were given to the students, and they were asked to create a pattern
based on this. In the pattern creation activities of Sarp and Mete, given
as an example, the next steps in the sequence were asked, and it was
seen that they could continue by applying the rule. It is observed that
the students continued the pattern by performing adding or subtracting
operations on the number pattern example.

In the growing pattern activities, it is seen that the students define
the most (coding number: 80) pattern units of repeat and pattern rules.
In the number pattern activities, the students were given a number table
of 100, and it was aimed to discover the number patterns and relation-
ships in this table. The sample student explanations regarding this situ-
ation are given below.

Mert: There is a sequence as 24-20-16-12-....
Researcher: Is there a rule in the sequence you said?

Mert: Yes, decreasing by 4.

Yagiz: For example, there is 1-11-21-31-vertically... The rule
here is increasing by 10. But if we look reversely, we can also
write a decrease by 10 from bottom to top as follows: 91-81-71-....

Hale: I looked diagonally from left to right, and I saw the pattern
1-12-23-34-45-.... The rule is an increment by 11.

Bade: When I look diagonally (from right to left) like Hale did,
it continues as 10-19-28-37-.... The rule here is "an increment
by 9- "

It was found that the students discovered different number patterns
in the presented 100-number table. The students expressed the ordering
rule with an increase/decrease in the number sequences they defined.
It is observed that the students identified the unit of repeat with an
increase/decrease similarly in the shape patterns presented. The sample
activities concerning this are presented in Table 6.

When Sarp's solution and explanations are examined, it is seen
that he identified the unit of repeat based on the increase/decrease in
the numbers of shapes in the steps in the sample pattern. Likewise, in
another pattern activity, the students were asked to identify the unit
of repeat for the number of pluses and the number of rectangles in
the presented visual. In this pattern activity, it is observed that Mete
and Hale identified the pattern unit of repeat based on the amount of
increase/decrease depending on the order of the number of shapes, as
in the number patterns. Asking the questions, "What did you notice
here? What is the iterative situation?" to the students in each pattern
creation and continuation activities revealed that they determined the
unit of repeat. The students were supported in identifying the pattern
unit of repeat and expressing the rule of the sample situation they were
particularly working on and thus reaching generalizations. For this pur-
pose, it was aimed to ensure that the students identified the pattern unit
of repeat and/or the pattern rule in their pattern activities. Thus, they
were supported in reaching generalizations with regard to the pattern
structure and provided with experience.

Table 5.
Sample Pattern Continuation Activities in the Number Patterns

Sarp: The rule is, "Start from 118 and reduce by 5." That's why, I first started
from 118 and subtracted 5; 113. Then I subtracted 5 from 113; 108. So 1
continued in this way.

Researcher: Can you continue this pattern for two more steps?

Sarp: I will continue to subtract; 98-93-88.

Mete: [ started with 4 first. Our rule is "increasing by 7." Then it continues as
4-11-18-25-....

Researcher: So what are the next two steps after 32?

Mete: 39 and 46.
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Table 6.
Sample Activities of Identifying the Unit of Repeat in the Shape Patterns

Sarp: I counted the numbers of the shapes in the
step. They are ordered as 3-5-7-9. They increased
by 2, from 3 to 5, from 5 to 7, from 7 to 9. Thus,
the rule for this is "an increment by 2."

Adm |
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Mete: I first wrote the number of pluses and the
number of rectangles in the table. When I looked
afterward, I saw this; the number of pluses is
1-2-3-4-5-..., so the rule here is "increasing by 1."

Hale: I also looked at the numbers as Mete did
to find the same number of rectangles; the rule is
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Results Regarding Generalization and Justification Strategies

It is seen that the students made generalizations in the activities
of creating, continuing, and completing patterns and identifying the
unit of repeat in the growing pattern tasks. In the scheme concerning
the students' generalization and justification strategies (Figure 3), it is
observed that they used modeling/counting, iterative/additive, whole-
object, contextual, and linear generalization approaches. Additionally,
the students made figural, numerical, and algebraic verifications in
reaching generalizations and presented their justifications through
explanations.

In the sample activity in the students’ worksheets, the number of
squares in the sixth step, a near step, was asked. The sample solutions
and explanations of Sarp and Yagiz in this sample shape pattern are
given in Figure 4.

Mete: I counted the shapes in the step, there are 3 squares in
the 1st step, 5 squares in the 2nd step, 7 squares in the 3rd step,
and 9 squares in the 4th step. Then there will be 11 squares in
the 5th step, and 13 squares in the 6th step. I drew and looked
at them.

Yagiz: [ wrote the number of squares, then I saw there was an
increment by 2 between them. If there is an increase by 2, I said,
"I will multiply by 2" to find the number in the 6th step. Then
1 looked whether it was provided in the steps. When I multiply
the Ist step by 2, it is 2, but since the number of boxes is 3, I said,
"So the number will be plus 1." This also worked when I tried in
the other steps. So I did the following, 6 x 2=12, 12+ 1=13 to
find the 6th step.
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Figure 4.

In the same pattern task, two different students carried out activi-
ties of finding the near step asked in the pattern presented with dif-
ferent generalization and justification strategies. Accordingly, when
Mete's solution and explanations are examined, it is seen that he per-
formed modeling and counted the squares in the pattern to find the
sixth step. In this way, the student used modeling in generalization
and figural control strategies in justification. In his solution, Yagiz
first identified the unit of repeat (+2) and then expanded this unit of
repeat to other steps (x2). After the students performed expansion to
the whole, it is observed that he reached a linear function (x2+ 1) by
observing the increase/decrease situation. Based on these findings, it
is concluded that Yagiz used the linear generalization strategy in this
sample pattern. In the student's explanations in reaching the linear
function, it is seen that he checked the validity of the rule in the other
steps and made numerical control by stating that it ensured accuracy.
Thus, it is concluded that Yagiz made numerical control justifica-
tion in his generalization regarding the pattern rule in the sample
pattern. Likewise, in another pattern activity in which the near step
was asked, the sample activities of Bade and Mete were presented
in Figure 5, and their generalization and justification strategies were
evaluated.

Bade: Since the 4th step was asked, I thought I could draw.
1 looked at the given steps, there is 1 white square in the mid-
dle and 1 black square on each side of that white box, 4 black
squares in total, in the Ist step. There are 8 black squares in the
2nd step, and 12 black squares in the 3rd step. So there will be
4 black squares on each side of the 4th step. I drew first, then
1 counted. The total number of black squares is 16.
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Sample Activities of the Modeling/Counting and Whole-Object Generalization Strategies.
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Figure 5.
Sample Activity for the Modeling/Counting Generalization Strategy.

Mete: I only looked at the total number of black squares. There
are 4 in the Ist step, 8 in the 2nd step, and 12 in the 3rd step.
So the sequence will continue as "4-8-12-16-...," i.e., they
increased by 4.

In the sample pattern activity, Bade stated that it would be easier to
draw to find the near step, and to this end, she drew by counting the
white and black squares in the model. Afterward, she found the number
of black squares that should be in the step by counting. In this way,
while the student made generalizations based on modeling, she made
a figural control in her justification and explained the accuracy of her
answer. In addition to this solution, it is observed that Mete found the
fourth step based on the amount of increase in the number of black
squares in the steps. Concerning this answer of Mete, it is seen that
he made justifications through explanations about why it was correct.
Another pattern was presented to the students, and whereas Hale could
reach a generalization through modeling, Mete generalized with itera-
tive control (Figure 6).

In the sample pattern activity presented, the students were asked
the following question, "The rabbit in the picture can jump from
2 rocks in each jump. Accordingly, from how many rocks will the rabbit
have jumped in total in the 8th jump?" Concerning this question, it is
observed that Hale modeled the rock and rabbit jumps in her solution,
while Mete made the sequence of the number of rocks jumped. Based
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on this, it is concluded that Hale reached a generalization by modeling/
counting in her pattern activity and Mete reached a generalization with
an iterative approach.

In addition to near-step pattern activities, far-step activities were
also carried out, and the students' generalization and justification strat-
egies in these patterns were examined. For this purpose, the students'
sample activities and explanations of the number and shape patterns are
given in Figure 7.

In the presented number pattern activity, the students were sup-
ported in performing the table transformation and thus discovering the
pattern rule based on the relational situation between the number of
steps and the number value. In the pattern in the example, it is seen that
Sarp discovered the rule “x5+1” in reaching the number in the pattern
starting from the step where the number was found. Sarp's explanations
concerning this pattern structure are given below.

Sarp: I thought, “How can I reach the number from the step
where the number is found.” I looked at the increase in the num-
bers as we did before: 6-11-16-21-26-... The increase is 5, so
[ said there would be “*5” in the rule. Then I tried this rule in
the Ist step; 1 x 5=235. To find 6, there will be +1. In other words,
the rule must be “x5+1.” It also worked when I tried this in
other steps. I also found the 20th step in this way; 20 x 5=100,
100+1=101.
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Sample Activity for the Modeling/Counting and Iterative Generalization Strategies.
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Figure 7.
Sample Activity for the Linear/Functional Generalization Strategy.
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8-17-26-35-44

Figure 8.
Sample Activity for the Linear/Functional Generalization Strategy.

When the student's solution and explanations in the sample pat-
tern are examined, it is observed that he discovered the functional rule
“x5+1” and found the number in the 20th step based on this rule he
discovered. Accordingly, it is concluded that Sarp made justification
based on numerical control. In a similar pattern task, the sequence of
numbers was given to the students, and the value of the number in the
20th step was asked. The solution and explanations of Yagiz concern-
ing this pattern are presented in Figure 8.

Yagiz: [ first wanted to find the rule of this pattern to find the
number in the 20th step. I also created a table to find the rule
because it's easier to understand. I put the numbers in order by
the number of steps as we did before. I first looked at the increase
in numbers; 9, then there will be “*x9” in the rule. 1 < 9=9, but
there is number 8 in the Ist step, so it will be -1. Thus, I said
the rule would be “x9 -1 and tried it in other steps. I became
sure when I saw this worked. I also applied this rule to find the
20th step, and the result is 129.

In this sample pattern activity presented, the students were given
only the sequence of numbers and asked to find the far step, the 20th
step. Considering the activity of Yagiz in this pattern, it is observed
that he preferred to create a table representation as a facilitator in
revealing the relationships between numbers and the relationship

Adum | Adim 2

between the number of steps and the number value. Using this solu-
tion approach, the student reached a generalization of the pattern rule
numerically in the form of “x9 - .”” It is seen that the student explained
the accuracy of this linear function definition by performing numeri-
cal operations based on steps. In another shape pattern activity, it is
observed that Bade reached generalization in a contextual way. The
student's solution and explanations regarding this are presented in
Figure 9.

Bade: [ first looked at the increase in the numbers;, +3. So
the rule will be “x3,” but I need to check whether there is an
increase/decrease. 1 first tried it in the Ist step; 1 < 3=3, but
there will be +1 since the result is 4. | wrote the rule as “the step
where the shape is found %<3+ 1" to find the number of squares.
1 also performed operations to find the 50th step.

When Bade's solution and explanations in the shape pattern activity
presented are examined, it is seen that she first performed expansion
to the whole based on the amount of increase and then reached a func-
tional correlation by experimenting with the multiplicative situation
with the number of steps - number of squares. It is observed that the
student made a contextual generalization without symbolization in the
rule of “the step where the shape is found x3+1” defined by the stu-
dent. Concerning this generalization, the student revealed its accuracy
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Figure 9.
Sample Activity for the Contextual Generalization Strategy.
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Figure 10.
Relationship Between Generalization and Justification Strategies.

by performing numerical control and justified it through explanations
about why it was correct.

Considering the students' generalization and justification strat-
egies in near step and far step pattern activities, it is seen that they
used modeling/counting, iterative, and whole-object generalization
strategies to find the pattern unit in the near step, whereas they used
linear and contextual generalization strategies to find the unit in the
far step. Thus, it is concluded that the differentiating pattern activities
are effective in revealing the different generalization strategies of stu-
dents. It is observed that the justification strategies of students differ in
parallel with their generalization strategies. It is seen that the students
made explanations about figural control or why it was correct in mod-
eling/counting and iterative generalizations. Additionally, they made
justifications with numerical or algebraic controls in their contextual
or linear generalizations. Based on this, it is concluded that students'
generalization strategies and justification ways are related to each other
(Figure 10).

Upon examining this schematized structure, it is seen that the linear
generalization strategy was justified by the students through algebraic,
numerical, control and explanations. When the contextual generaliza-
tion method, among the generalization strategies, is examined, it is
observed to be based on justifications through algebraic, numerical con-
trol, and explanations. It is observed that the whole-object generaliza-
tion strategy was justified by numerical control and explanations, while
the students justified with numerical control and explanations in the
iterative generalization, justifications were made through figural con-
trol and explanations in reaching generalization by counting. Finally, it
is seen that only figural justifications were made in the generalization
by counting parts/modeling. Based on these results, it is concluded that
there is a linear relationship between students' development in gener-
alization strategies and the complexity of their justification strategies.

Discussion, Conclusion, and Recommendations

In the present study, an early algebra teaching experiment was con-
ducted to improve the algebraic thinking structures of fourth-grade stu-
dents, and the effective generalization and justification strategies of the
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students during this teaching were revealed. In this section, the effec-
tiveness of the teaching experiment as a result of the students' effective
algebraic thinking structures will be discussed by associating it with
the literature, and recommendations will be presented.

Growing number and shape patterns were included in the content of
the teaching experiment carried out in this study. In growing patterns,
the students carried out activities of creating a pattern, completing the
missing element, continuing the pattern, creating the pattern with the
given rule, and identifying the pattern unit of repeat. It is observed that
the students used various representation tools such as written, verbal,
and visual in their pattern activities. The use of tables as a supportive
teaching element in determining the pattern unit of repeat and reaching
the pattern rule was included in the students' number and shape pat-
terns. In parallel to this, the students preferred to perform a table trans-
formation in their solutions, especially in shape patterns, to establish a
relationship between the number of shapes depending on the number
of steps. Moreover, it is observed that the students developed solutions
based on mathematical operations in their solution paths and created
linear equations algebraically. Based on these results, it is concluded
that the students used multiple representations during the teaching
experiment and could perform a transformation between multiple rep-
resentations. It is also seen that the students' use of multiple representa-
tions is a supportive element in discovering the pattern unit of repeat
and thus reaching generalizations with regard to the pattern rule. In the
teaching experiment applied in the current study, opportunities were
provided for the students to reveal mathematical relationships with
multiple representations, and it was observed that these mathematical
experiences were effective in the students' algebraic thinking structures.

It is seen that the students identified the pattern unit of repeat the
most in their pattern activities. In the teaching experiment, questions
such as, "What did you notice in the sequence? What are the repeat-
ing elements? What is the rule of this sequence?" were asked for the
students to identify the unit of repeat in almost all pattern activities.
By answering these questions, it was aimed to ensure that the students
identified the pattern unit of repeat and thus discovered the pattern rule.
The students were supported in identifying the pattern unit of repeat
and rule and reaching generalizations in pattern activities.
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Algebra and mathematics consist of generalizations (Zazkis &
Liljedahl, 2002). Patterns, one of the elements of early algebra, play
an active role in ensuring that students at a young age can make gen-
eralizations that are important for algebra and mathematics effectively
(Tamsh & Ozdas, 2009). Therefore, justification strategies were exam-
ined in the present study in the students' reaching generalizations in
number and shape patterns and verifying these generalizations. As a
result of these examinations, it was found that the students used count-
ing parts/modeling, counting, iterative, whole-object, linear, and con-
textual generalization strategies in their pattern activities.

In the pattern activities, the strategies employed by the students in
finding the desired term and reaching the generalization with regard to the
pattern rule differed in two different situations, the near step and the far
step. Whereas the students used modeling/counting, iterative, and whole-
object generalization strategies in the pattern activities in which the near
step was asked, they preferred to use linear and contextual generalization
strategies in finding the far step unit. Carraher et al. (2008) investigated
the generalization strategies of third-grade students in patterns containing
linear equations. In the study, it was concluded that the majority of young
students could find units in the near step in number and shape patterns.
Additionally, it was observed in the study that students with advanced
algebraic thinking could predict units in far steps and generalize their
results both verbally and algebraically. Studies in the literature also dem-
onstrate that students at an early age can make generalizations about
mathematical relationships and structures in a way that supports these
results (Blanton et al., 2015; Carraher et al., 2008; Martinez & Brizuela,
2006; Stephens et al., 2017; Warren, 2006; Wilkie, 2019). In the study in
which Urefia et al. (2019) examined the generalization and representation
skills of fourth-grade students, it was revealed that students could notice
and represent the generalization of the functional relationship in different
ways in situations involving functional relationships. Based on this, it is
concluded that asking the near step and far step units in this study is effec-
tive in revealing different generalization strategies of students.

Different contexts, such as growing patterns, number, and shape
patterns, were included in the teaching experiment. In the number pat-
terns, the students used modeling/counting, iterative, and whole-object
strategies based on the amount of increase/decrease according to the
order of the numbers. In the shape pattern activities, it was observed
that the students tried to reach the result using the numerical values
they reached from the shape rather than the structural features of the
shapes. This result is supported by the results of similar studies in the
literature (Amit & Neria, 2008; Becker & Rivera, 2005). It is seen that
the students reached linear and contextual generalizations in their shape
pattern activities, unlike number patterns. Accordingly, it is concluded
that the pattern activities in the content of the teaching experiment are
effective in revealing the different generalization strategies of students.

In the study, when the students' justification strategies in verifying
their generalizations are examined, it is observed that they performed
figural, numerical, and algebraic control and expressed why the gen-
eralizations they reached were correct through explanations. It is seen
that figural justifications emerged by drawing and modeling shapes in
finding the desired step. Furthermore, the students verified numerically
using mathematical operations and expressions. The most advanced
justifications were observed when algebraic expressions were used and
verifications were made in this way.

In the current study, it is observed that encouraging students to
make justifications in pattern activities is effective in the emergence of
generalization strategies. Moreover, it was seen that the students' justi-
fication ways varied depending on their generalization strategies. In the
generalizations reached based on modeling/counting and iterative strat-
egies, figural control or explanations of why it was correct were made,
whereas generalizations with numerical or algebraic control were made

in contextual or linear generalizations. Accordingly, it is concluded that
students' generalization strategies and justification ways are related to
each other. Likewise, Ellis (2007) stated that justification affected a
student's generalization capability. Thus, it is concluded that students'
justification ways influence their generalization strategies.

Generalization, which starts with patterns in primary and second-
ary school, is the heart of algebraic thinking (Blanton & Kaput, 2004;
Carraher et al., 2008; Warren & Cooper, 2008). Hence, in this study, grow-
ing number and shape patterns including near step and far step generaliza-
tions were addressed, and the effectiveness of these patterns in students'
generalization and justification strategies was investigated. Furthermore,
the relational situation in the students' generalization and justification
strategies was discussed. The findings demonstrate that the teaching
experiment carried out in this study allowed students to reach generaliza-
tions with different strategies and justify these generalizations in differ-
ent verification ways. It is found that generalizations and justifications are
effective since students are introduced with the number and shape patterns
in the teaching experiment and acquire experience with various contexts.

The findings obtained from the present study support the available
information in the literature. Blanton et al. (2015) indicated that early
algebraic thinking practices such as generalizing, representing, and rea-
soning mathematical relationships and structures could be integrated
into early grade levels. Likewise, as a result of the teaching experiment
they conducted with students in the pre-algebra period, Stephens et al.
(2017) demonstrated that students' ability to determine the general rules
between numbers improved and the rules of patterns involving relational
situations could be expressed by students with symbols and words. In
the teaching experiment conducted in this study, it was concluded that
students in the early algebra period could generalize and justify in grow-
ing number and shape patterns. Recommendations were made for future
studies in line with the findings and results obtained from the research.

*  The effectiveness of the teaching experiment applied in the study
is limited within the scope of the individual characteristics of the
students participating in the teaching experiment. Therefore, the
effectiveness of the teaching content can be evaluated with the
same teaching experiment to be carried out with students having
different characteristics. Primary school fourth-grade students in
the early algebra period took part in the study. The effectiveness of
students' algebraic thinking structures can be evaluated by apply-
ing the teaching experiment with students in the early algebra
period in different classes and of different ages.

e Linear patterns were included in the teaching experiment carried
out in this study. The effectiveness of relational situations in this
form of patterns on students' generalization and justification strat-
egies was evaluated. In future studies, linear patterns can be dif-
ferentiated, and their effectiveness can be revealed, and thus a pool
of growing number and shape patterns effective in early algebra
teaching can be created.

e The effectiveness of students' algebraic thinking structures can be
evaluated by integrating technology tools in early algebra teaching
practices planned to be carried out in the future.

e In the present study, the effectiveness of the early algebra teaching
experiment was evaluated within the scope of students' general-
ization and justification strategies. In the studies to be performed,
the situations of making sense of the concepts of symbolization,
variable, equality, and equivalence can be examined in the context
of students' algebraic thinking.
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Appendix 1
Sample Focus Group Interview Questions

Examine the numbers in the sequence. How are the numbers/shapes ordered?

By how many numbers do the numbers continue to increase/decrease according to the number relationship you specified?

Is the increase/decrease between each number the same?

What are the numbers not given in the pattern?

Can you explain how you found the number that was not given and continued the pattern?

How would you express the pattern rule?

What is the relationship between the numbers in the pattern?

What did you pay attention to when determining the relationships between the numbers?

How would you express the pattern rules? Can you find another pattern rule as an alternative to the pattern rule you specified?
0. Please explain how you obtained this rule.

SO



